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Let K(t, b, R) denote the minimum cardinality of any mixed code which has t 
ternary and b binary coordinates and covering radius R. We collect upper bounds 
for K(f, b, R) when R< 3 and I+ b< 13 and discuss some simple methods to 
construct new codes from the known ones. (El 1991 Academic Press, Inc. 
1. INTRODUCTION 
In this paper we collect upper bounds for football pool problems and 
mixed covering codes. We consider the space [F: [Fi, with t, b 3 0, t + b 2 1. 
Here F,= (0, l} and F, = (0, 1,2} denote the fields with two and three 
elements, respectively. The Hamming distance d(x, y) between two words 
x, y E [F~i.F~ is the number of coordinates by which they differ. Given t, b, 
and R, we consider the problem of finding a code Cc IFi IF: such that each 
word in IFilFi is within Hamming distance R from at least one element of 
C, i.e., the covering radius of the code C is at most R. By definition, the 
covering radius of a code Cc lFg Fi is the smallest integer R such that every 
word in IFi IF: is within Hamming distance R from the code. If C E IFi IFi is 
a code with M codewords and covering radius R, we call it a (t, b, M) R 
code. The minimum number of codewords in any code Cc Fi [Fi with 
covering radius R is denoted by K(t, b, R). 
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In other words, we wish to forecast the outcome (home team wins, loses, 
or plays a draw) of n = t + b football matches, in b of which we decide to 
exclude the possibility of one of the three outcomes (e.g., we assume that 
in the match Liverpool vs Turku, the home team Liverpool will not lose), 
and we want to know the minimum possible number of forecasts such that 
at least one of the forecasts has at least n - R correct results, provided that 
the b decisions prove to be correct. If b = 0, the problem is usually referred 
to as the football pool problem. 
We present upper bounds for K(t, b, R) when t + b 6 13 and R 6 3. These 
bounds improve several previously known upper bounds. Many papers 
have been written about the case t = 0 (see, e.g., [2, 3, 5, 7, 12, and 193) 
and about the case b =0 (see, e.g., [4, 10, 11, 12, 18, and 211). Most of the 
bounds presented in this paper have been collected from the Finnish and 
Swedish weekly magazines about football pools and number guessing 
pools, namely from the Finnish magazine Veikkaus-Lotto (or Veikkaaja, as 
it used to be called) and from the Swedish magazine Vi Tippa, and from 
the archives of the persons who have constructed these systems. Several of 
the bounds have been proved by the present authors. In many cases it is 
not possible to give any brief characterizations of these codes (except to list 
the whole code). 
Some of these bounds are more than 40 years old. In 1947 (in 
August-September in the issues 27, 28, and 33 of the magazine Veikkaaja) 
Juhani Virtakallio published a ternary code of length 11 with 729 
codewords and covering radius 2, i.e., the ternary Golay code! For the 
early history of this code, see, e.g., [17]. The code was published as a nice 
football pool system; it was not used for error-correction (and, of course, 
the expressions code and covering radius were not used). 
In another case, a particularly good code has been a record holder for 
years, but is not mentioned in our tables because an even better code has 
recently been discovered. In particular, we mention the ternary code of 
length 7 with 189 codewords and covering radius 1 which was published 
in 1970 by Jaakko Himberg (the code was published in VS70, see the 
Note to Table I). Recently, van Laarhoven et al. [11] proved that 
K(7,0, l),< 186. 
For comparison, we have also mentioned the corresponding sphere 
covering lower bounds. If we denote by V(t, b, R) the number of vectors 
y~[F:IF~suchthatd(y,x)<Rforagivenx~ff~lF~, thenclearly 
and, according to the sphere bound, 
K(t, b, R) > 3’2’/V(t, b, R). 
86 HAMALAINENAND RANKINEN 
For many values of t, b, and R better lower bounds are known: for t = 0, 
see, e.g., [3, 6, 7, 193; for b = 0, see e.g., [ 1, 10, 18, 201; and for the general 
case, see [13]. 
We first present some simple general techniques to produce new codes 
from old ones. In Section 3 we give some examples of binary covering 
codes and in Section 4 we present our table of upper bounds on K(t, b, R). 
2. GENERAL CONSTRUCTIONS 
We have used several simple methods to construct new codes from the 
known ones. If Ci is a (ti, bi, Mi)Rj code for i= 1, 2, then clearly their 
direct sum 
c,oc,= ((4 Y)lXEC*, YEC2) 
is a (tl + t2, bI + bZ, MIMz) R, + R2 code. In particular we have 
(a) K(t, b+ 1, R)g2K(t, b, R) 
and 
(b) K(t + 1, 6, R) < 3K(t, b, R). 
We also have 
(c) K(t -t 1, b, R) < ;K(t, b + 1, R). 
Namely, assume that C is a (t, b + 1, M) R code. Then the last coordinate 
is binary (we arranged the coordinates so that the ternary coordinates 
precede the binary coordinates). For a = 0, 1 we define 
CL= cu {(Xl, ..., xt, 2, xt+z, .-., xt+b+l) 
~~:+‘~~I(X1,...,x,,~,x,+,,...,x,+,+,)~C}. 
The (t + 1, b, Mb) RL codes CL clearly satisfy Rb = R; = R, and Mb < $A4 or 
M; < $M. This proves (c). Obviously 
(d) K(t,b+l,R)<K(t+l,b,R), 
as any (t+l,b,M)R code becomes a (t,b+l,M)R’ code with R’<R 
simply by changing all the 2’s to O’s or l’s in the last ternary coordinate of 
C. We now prove that 
(e) K(t,b+3,R)GiK(t+l,b,R). 
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Assume that C is a (t + 1, b, M)R code. The first coordinate is ternary. 
Define for a = 0, 1, 2, 
ca = ((x2, *.*, x,, 0, 0, l), (x2, a*., x,, 1, 4 0) I (0, x2, .**, x,) E c> 
u ((x2, . ..> x,, 0, LO), (x2, ..*, x,, LO, l)l(L x2, . . . . X,)E c> 
u ((x2, . . . . x,, LO, 01, (x2, . . . . x,, 0, 1, l)l (2, x2, *.., X,)E C} 
u ((x2, **., x,, O,O,O), (x2, . . . . x,, 1, 1, l)l(a, x2, ‘.., x,) E c>, 
where n = t + b + 1. It is easy to see that the sets Co, a =O, 1, 2, are 
(t, b + 3, Mh)R codes and at least one of the cardinalities Mh is smaller 
than or equal to $M. This proves (e). Conversely, suppose that we have a 
(t, b + 3, M) R code C for which 
(x 19 . . . . x,)~Cifandonlyif(x, ,..., x,-~,x,-~, 1-xnm2, 
1-x,-i, l-XJEC, 
where n = t + b + 3. Then it is not difficult to check that 
(*) 
c’= {top xl, x2, . . . . xt+b)i (xl, x29 . . . . x,+b, 0, 0, O)E Car 
tx,, x2, .**Y x,+b, 0, 0, l)E c} 
is a (t + 1, b, M/2)R’ code with R’ < R. In the table in Section 4 we refer to 
this construction by (f). 
Suppose that C is a (t, b, M) R code and that the last coordinate is 
binary. In many cases 
is a (t, b + 2, M) R + 1 code (this is a special case of the ADS construction, 
see [3]). Here, as usual, the order of the coordinates is not essential, and 
we can do the same operation to any binary coordinate. When we use this 
construction we must check that the covering radius of C’ is indeed R + 1 
and not larger. For the question of when this simple construction works, 
see, e.g., [3, 5-7, 9, and 141. In the table in Section 4 we refer to this 
construction by (g). 
Suppose now that C is a (t, b + 2, M) R code. Then the last two coor- 
dinates are binary and we denote for i, j = 0, 1 
88 HiMliLiINENAND RANKINEN 
Further denote 
s, = (0001, 1112,2220}, 
s, = (0010, 1121,2202}, 
s, = (0100, 1211,2022}, 
s,= (1000,2111,0222), 
and 
Then S,, Sz, S,, and S., are (4,0, 3)2 codes and S is a (4,0, 12)l code. 
This implies that the code 
is a (t+4,6,3M)R’ code with R’<R+l. Namely, for a vector x= 
b,, x2, ..., X,+b ) E 5j ff i, d(x, C, u C,, u C,, u C,,) <R - 1 implies that, 
e.g., d(x, C,) < R - 1 and consequently d((y, x), C’) d d((y, x), Si 0 C,) 
d 2+(R-l)=R+l for any ~E[F:. On the other hand, if 
d(x, Co0 u C,, u C,, u C,i) = R then d(x, C,) = d(x, C,,) = d(x, C,,) = 
d(x, C,,) = R and again d((y, x), C’) < 1 + R for any y E IF:, because 
A(y, S) 6 1. This proves that 
(h) K(t+4,b, R+ 1)<3K(t, b+2, R). 
If C is a (t, b f 3, M) R code satisfying (*) with n = t + b + 3, we denote 
for i, j, k = 0, 1 
c,= (( XI,X~,-..,X,+~)~(X~,X~ ,..., x,+,,i,j,k)EC), 
and it can similarly be verified that 
(S, 0 Goo) u (S, 0 Go, 1” 6% 0 Gld ” (S4 0 GN 1 
is a (t + 4, b, $M) R’ code with R’ <R + 1. We refer to this construction 
by (iI. 
3. EXAMPLES 
We first mention a code found in a Finnish book about football pool 
systems (see the Note to Table I for a more precise reference). If x = 
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tx, 9 x2, -..> x,)~[F;andC~lFqwedenoteZ=(l-xi, l-x,,...,l-x,)~ff; 
and C= {XI XE C>. Denote further 
Cl = f Cd, 4 f; f). (4 d, .L f> I wt(d) even, 4f) = 1) 
C2 = { (4 4 f, f), td, J, f, f) 144 even, wU) = 2) 
C, = ((4 d, f, f), (4 d, .L f) I 44 odd, wU7 = 0 or 3 ) 
C, = { (4 d .L f), (4 d f, .I? I wr(d) odd, wU) = 0 or 3 >, 
where always d, f E [F:. Then the set C = C1 v C2 u C, u C4 is a (0, 12, 80)2 
code showing that K(0, 12,2) 9 80. The following proof showing that the 
covering radius of C is indeed 2 is due to the anonymous referee. Let x = 
(p, q, r, s) E IFi2 be arbitrary. Since (d, e, f, g), (d, 2, j: g) E C whenever 
(d, e, f, g) E C we may assume that wt(r) d 1 and wt(s) < 1. We go through 
all the possible cases and show that we can always find a codeword c E C 
such that d(x, c)<2: (i) Assume that p = q. If wt(p) is even, then 
d(x, C,) < 2; if wt(p) is odd, then d(x, C,) < 2. (ii) Assume that d(p, q) = 1. 
If wt(r) = 0, then d(x, C,) < 2; if wt(r) = 1, then d(x, C,) < 2. (iii) Assume 
that d(p, q)=2. If wt(r)=O or wt(s)=O, then d(x, C,)<2; if wt(r)= 
wt(s) = 1, then r = s implies that d(x, C,) < 2 and r #s implies that 
d(x, C,) Q 2. (iv) Assume finally that p = 4. If wt(p) is even, then 
(wt(r), wt(s)) = (0, 0) implies that (x, C,) < 2 and (wt(r), ~(3)) # (0, 0) 
implies that (x, C,)<22; if wtfp) is odd, then d(x, C,) ~2. Hence the 
covering radius of C is 2 (K(0, 12, 1) >, 316 by Table I implies that the 
covering radius cannot be smaller than 2). 
Denote further 
C”,(x,x2 . ..x.)= {y,y,...y,Iprecisely w  of y,, y2, . . . . y, 
are l’s, and yi = 0 whenever xi = 0} 
and for any A c [F;, BE P-J’ denote 
C”,,tA, B) = u tC;v(u, u C”,(a))@B. 
UEA 
Let S c [Fi’ be the set of words in the Steiner system S(4,5, 11). We have 
constructed the following three binary covering codes which can be 
expressed compactly using this notation. First, the set 
(sus)@{o,l}uc;‘({1506,0516}, (0)) 
u c;‘((140105, 041015, O‘Y05}, {l}) 
uc:1t{1407}, {O,l>, 
is a (0, 12, 1) code which has 382 codewords. The bound K(O, 12,l) < 382 
was known before (see the Note to Table I). The codewords in 
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(su~)0{0,1> cover all the words (x, y) E lFi2, XE IF:‘, y E IF,, for which 
4< wt(x)<7 (cf. [3, Sect. IIIA]). It is therefore sufficient to check that 
the other codewords cover the words (x, y)~ IF:*, XE Eil, YE [F,, for which 
W(x) < 3 or W(x) 2 8. Furthermore, it is sufficient to check the cases where 
W(X) < 3, because a word (u, u) E IFi2, u E [F:‘, u E [F,, is a codeword if and 
only if (U, u) is a codeword. Similarly, we can show that 
(SuS)O {OO,Ol, 10,ll) 
u Ci’({ 1506, OV}, {OO, 11)) 
u Ci’( { 12031303, 02130313}, (01)) 
u Ci’( { 120613, 021603}, { 10)) 
u Ci’( { 1506}, (01, 10)) 
u (0’1, 1”) 0 (01) 
is a (0, 13, 1) code which has 750 elements, and finally 
(~u~)0{0,1>0{0,1>0{0,1> 
u c;‘((1506, OY}, (03, 13, 001,110)) 
u Ci’( { 12031303, 02130313}, (010, 101)) 
u c;‘({120613,02160~), (100,011)) 
u (Oil, 1”) @ (03, l’} 
is a (0, 14, 1) code which has 1460 codewords. The best previous upper 
bounds in [3] were 768 and 1536, respectively. 
4. A TABLE FOR K(t, b, R) 
In the following table we give upper bounds for K(t, 6, R) when 
t + b < 13 and R< 3. For comparison, we mention the sphere covering 
lower bounds for K(t, b, R). The marks a-i refer to the constructions of 
Section 2. Many codes which have been found using these constructions 
can be obtained in several ways. In the table we only mention the two sim- 
plest. If the code has not been obtained using any of these constructions, 
we give a reference to the person or persons who to the best of our 
knowledge were the first to construct the code. In some cases we do not 
know who first constructed the code, in which case we only give a reference 
to the earliest source known to us. All codes have been checked by the first 
author. 
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TABLE I 
Bounds for K( t, b, R) 
R 
t b 1 2 3 
0 1 
0 2 
0 3 
0 4 
0 5 
6 6 
0 I 
0 8 
0 9 
0 10 
0 11 
0 12 
0 13 
1 0 
1 1 
1 2 
1 3 
1 4 
1 5 
1 6 
1 I 
1 8 
1 9 
1 10 
1 11 
1 12 
2 0 
2 1 
2 2 
2 3 
2 4 
2 5 
2 6 
2 7 
2 8 
2 9 
2 10 
2 11 
3 0 
3 1 
3 2 
3 3 
1 
^ 
L 
2 
4a 
6-l Ul 
lo-12 X4 
16Ha 
29-32 a 
52-64 ae 
94-120 PO 
171-192 KI 
316382 X6 
586-750 HI 
1 
_I 
3-L 
46 ab 
7-8 f 
12-16 ae 
22-24 c 
39-48 ab 
7(r84 PI 
128-162 H3 
237-288 c 
439-548 BO 
82C-1024 f 
2-3 
3-4 
6X4 
9-12 ac 
1620 x4 
29-36 c 
53-64 e 
96126 c 
178-234 P4 
330-428 c 
615-768 R2 
1152-1536ac 
4-5 x4 
7-9 cd 
12-16 X4 
22-24 e 
L 
3-4 ag 
5-l g 
7-12 dg 
12-16 g 
19-30 H7 
3144 x4 
52-80 X4 
9&128 GI 
1 
1 
f 
3 cg 
4-6ab 
68 fg 
9-12 X4 
14-20 HZ 
24-35 P3 
4&60 L2 
68-96 X4 
118-192 ac 
1 
2 
2-3 d 
3dg 
5Ag 
7-11 H4 
1 l-16 X4 
18-28 H4 
3Ckl8 f 
52-80 H6 
89-144 c 
155-256 e 
2-3 X4 
3d 
4-5 x4 
68e 
2 
2 
2 
34 ag 
4-7g 
6-12 dg 
9-16 g 
14-30 g 
2244 g 
1 
1 
1 
2 
L 
2 
3 cg 
46 ab 
5-8 fg 
7-12 g 
11-20 g 
17-35 g 
27-60 g 
1 
1 
2 
I  
L 
2-3 dg 
3-4g 
4-6g 
611 g 
9-16 g 
14-28 g 
2144 HO 
34-10 HlO 
1 
2 
2-3 d 
3g 
(Table continued) 
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TABLE I (Continued) 
t b 1 
- 
3 4 40-48 ae 
3 5 72-92 PO 
3 6 133-176 PO 
3 7 247-332 PO 
3 8 461-576 BI 
3 9 8641152 ac 
3 10 1627-2304ab 
4 0 9 Ha 
4 1 17-18 a 
4 2 30-36 ac 
4 3 54-72 ab 
4 4 loo-132 X7 
4 5 186-240 PO 
4 6 34&432 B2 
4 7 648-864 a 
4 8 1220-I 296 E2 
4 9 23042592 a 
5 0 23-27 bc 
5 1 41-54 ab 
5 2 75-96 RI 
5 3 139-168 X4 
5 4 26336 a 
5 5 486648 c 
5 6 915-1296ae 
5 7 1728-1944~ 
5 8 3275-3888ab 
6 0 51-73 Ql 
6 1 105-132 RI 
6 2 195-252 c 
6 3 365486 X5 
6 4 687-864 B5 
6 5 1296-l 728 a 
6 6 2456-2916 c 
6 I 4666-5832ab 
7 0 146-186 Zf 
7 1 274-372 a 
7 2 515-729 c 
7 3 972-1296 c 
7 4 1842-2592ac 
7 5 35Ocu374 c 
7 6 666&8748ab 
8 0 38-86 Zl 
8 1 729-972 a 
R 
9-13 x4 3-5 g 
14-23 X4 5-8 g 
23-36 X4 7-12 X0 
39-60 X4 1 l-20 HS 
68-96 X4 17-35 HO 
118-192 ae 26-56 HI6 
207-360 PO 43-96 g 
3 x4 2-3 
4-6a 2-3 d 
7-10 x4 3-4d 
11-18 g 4+g 
18-24 i 6-10 g 
30-48 ai 8-16 BO 
51-72 X3 13-24 gi 
89%144 ac 20-48 ag 
156-252 H13 33-72 g 
277486 PO 54-120 H14 
5-8 Jl 2-3 
8-12 H8 34 
1422 LI 4-7 B3 
23-36 c 7-12 g 
39-64 HI I 10-22 g 
68-108 c 16-32 HO 
118-192e 26-54 B4 
209-372 HIS 42-90 H17 
373-702 P9 69-144 i 
10-17 x2 4dc 
17-27 X4 5-9 P2 
3&48 X4 8-16 BO 
51-72 X4 12-24 LI 
9&144 ae 2C44 HO 
158-276 P6 32-12 g 
282-528 P8 53-128 HO 
505-996 PO 89-216 c 
23-34 P2 6-12i 
39-54 x4 l&18 WI 
68-108 ac 15-34 P3 
120-216 ab 25-54 g 
213-396 HS 41-90 i 
381-720 P7 68-144 HO 
687-1296 PO 115-270 HO 
51-81 c 12-27 ci 
9&162 ab 19-45 HO 
3 
(Table continued) 
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TABLE I (Continued) 
R 
1 b 1 2 3 
8 2 1382-1944ac 
8 3 2625-3888ac 
8 4 4999-6480 Tl 
8 5 954412960 a 
9 0 10361458 bc 
9 1 1969-2916ab 
9 2 375(t5832ab 
9 3 7158-9720ce 
9 4 13693319440 ab 
10 0 2812-3645 El 
10 1 5369-7290a 
10 2 1027&14580ac 
10 3 19683-29160ab 
11 0 7703-10935bc 
11 1 14763-21870ab 
11 2 2834439366 RO 
12 0 21258-29889 Xl 
12 1 40881-59049cd 
13 0 59049 Ha 
161-288 H9 
287-504 Yl 
518-1008 a 
938-1944 de 
121-219 PS 
217-396 HI2 
39G729 d 
707-1458ad 
12861944de 
294-558 PO 
532-729 d 
969-1458 ad 
177&1944 e 
729 K2 
1332-1458a 
24442916 ac 
1839-2187bc 
33854374ab 
47046561bc 
31-72 h 
52-108 Al 
88-216 ac 
15Cb324 HO 
24-54 R3 
4399 HO 
67-162 c 
114270 BO 
197432 HO 
51-108 i 
87-201 HO 
15G-324 HO 
259-648 ac 
114243 A2 
197486 ac 
342-729 HO 
2-729 bc 
455-972 YO 
607-1215 HO 
Note. a-i refer to the constructions (a)-(i) in Section 2. 
We also use the following abbreviations: 
VL, Veikkaus-Lotto, a Finnish magazine about football pools; 
VE. Veikkaaja, the old name of Veikkaus-Lam: 
VT, Vi Tippa, a Swedish magazine about football pools. 
We also refer to several small books concerning football pools: 
KR, METABAHTA icat AIXMETABAHTA, ASHNAI EKAOZIZ MAIOE, 1975; 
SBSO, Stryktipsboken, Lund, Sweden, 1980; 
SB85, Stryktipsboken, Malmo, Sweden, 1985; 
ST86, Stora Tipsboken, Stockholm, Sweden, 1986; 
STV, Spela Tippa Vinn, Aarhuus, Denmark, 1984; 
SY88, System 88, Falun, Sweden, 1987; 
TL74, Tipslyktan 3, Vordingborg, Denmark, 1974; 
TL76, Tipslyktan 4, Stockholm, Sweden, 1976; 
VS70, Valiosysteemit 1970, Helsinki, Finland, 1970; 
VTJ, Vi Tippa’s jubileumsbok, Stockholm, Sweden, 1986. 
In the following list we first mention the author(s) and then the name of the book or the 
name of the journal together with the number of the issue and the year of publication. If the 
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result has not (yet) been published or we do not know where it has been published we have 
indicated this with a question mark: 
AI and A2, Arne Ericson: (Al) SY88, (A2) TL74; 
BO-E5, Bernt Roger Johansson: (Bo) ?, (BI) VL 4/88, (B2) VL 2/88, (83) VTJ, (B4) 
SY88, (ES) VL 27/88; 
EI and E2, Heimo Heikkonen: (El) VE 10/67, (E2) VE 26/67; 
GI, R. L. Graham and N. J. A. Sloane: [S]; 
Ha, Hamming code: see, e.g., [15]; 
HCHl7, Heikki HLmLlLinen: (HO) ?, (HI) VL 4/86, (HZ) VL 23/82, (H3) VL 4/85, (H4) 
VL SOj86, (HS) VL 14/87, (H6) VL 48/86, (H7) VL 17/89, (H8) VL 51/84, (H9) VL 3/86, 
(Hl0) VL 15/87, (HII) VL 39/85, (H12) VL l/86, (H13) VL 13/88, (HJ4) ST86, (HIS) VL 
19/88, (H16) VL 22/88, (H17) VL 23/88; 
JI, Jaakko Himberg: VS70; 
KZ-K2, Juhani Virtakallio: (KI) VE 44/46, (K2) VE 27, 28, 33/47; 
Ll-L2, Jorgen Lindell: (LI) SB80, (L2) SB85; 
PGP9, Patric Gstergard: (PO) ?, (PI) VL l/88, (P2) VL 21/88, (P3) VL 22/88, (P4) VL 
20/89, (P5) VL 7/89, (P6) VL 10/89, (P7) VL 11/89, (P8) VL 12/89, (P9) VL 21/89; 
Ql, Patric Gstergard and P. J. M. van Laarhoven et al.: VL 6/88 and [ 111; 
RO-R3, Seppo Rankinen: (RO) ?, (RI) VS70, (R2) VL 24/88, (R3) ST86; 
TI, Tordt Johansson: VT 22175; 
UZ, 0. Taussky and J. Todd: [16]; 
WI, Gustav Weikel: TL76; 
X-X7, The author unknown: (X0) ?, (XI) VE 28/49, (X2) VE l/61, (X3) VE 35/57, (X4) 
VS70, (X5) KR, (X6) VT, April 6th 1963, (X7) STV; 
YO-Yl, S. Rankinen and H. Hlmlllinen: (YO) ?, (Y1) VL 34/84; 
21, P. J. M. van Laarhoven et al.: [ll]. 
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